Abstract. We prove that each real semisimple Lie algebra g has a Q-form g Q , such that every real representation of g Q can be realized over Q. This was previously proved by M. S. Raghunathan (and rediscovered by P. Eberlein) in the special case where g is compact.
Introduction
All Lie algebras and all representations are assumed to be finitedimensional. It is easy to see, from the theory of highest weights, that if g is an R-split, semisimple Lie algebra over R, then every Crepresentation of g has an R-form (see 3.1). (That is, if V C is a representation of g over C, then there is a real representation V of g, such that V C ∼ = V ⊗ R C.) Because every semisimple Lie algebra over C has an R-split real form, this leads to the following immediate conclusion:
The general case is a combination of the two extremes, and the desired Q-form is obtained from a Chevalley basis of g ⊗ R C by slightly modifying a construction of A. Borel [B] .
It would be interesting to characterize the semisimple Lie algebras g Q over Q, such that every real representation has a Q-form. It is important to note that there exist examples of Q(i)-split Lie algebras that do not have this property (see 7.1). (Real representations of such a Lie algebra can be realized over both Q(i) and R, but not over Q(i) ∩ R = Q.)
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2. More precise statement of the main result 2.1. Definition. Suppose G is a semisimple algebraic group over Q. Let
• S be a maximal Q-split torus of G; • C = C G (S) be the centralizer of S;
• M be the (unique) maximal connected, semisimple subgroup of the reductive group C; • T be a maximal Q-torus of M; • Φ + be the positive roots of (m C , t C ) (with respect to some ordering); and • Φ − be the set of negative roots.
We say that the longest element of the Weyl group of the anisotropic kernel of G is realized over Q if there is some w ∈ N M (T ) Q , such that
Here, as usual, the normalizer N M (T ) acts on t * by w(λ)(t) = λ(w −1 tw).
It is important to notice (from the subscripts in N M (T ) Q ) that w is required to be in the semisimple group M, and that w is required to be a Q-element.
Theorem (see §5)
. Suppose G is a connected, semisimple algebraic group over Q, such that
• Q-rank G = R-rank G; and • the longest element of the Weyl group of the anisotropic kernel of G is realized over Q. Then each irreducible Q-representation of G remains irreducible over R.
This can be restated in the following equivalent form.
2.4. Corollary (see 3.2). If G is as in Prop. 2.2, then every real representation of G has a Q-form.
Proposition (see §6)
. Every connected, simply connected, semisimple real algebraic group has a Q-form satisfying the hypotheses of Thm. 2.2.
Combining Prop. 2.5 with Thm. 2.2 and Cor. 2.4 immediately yields the following conclusion.
Definition. Suppose
• g Q is a Lie algebra over Q, and
2.7. Corollary. Any real semisimple Lie algebra g has a Q-form g Q , such that (1) if V Q is any irreducible Q-representation of g Q , then the Rrepresentation V R = V Q ⊗ Q R is irreducible; and (2) every real representation of g Q has a Q-form.
Preliminaries
The following is well known.
3.1. Lemma. Let
• F be a subfield of C,
• g be a semisimple Lie algebra over F , and
Proof. Because every representation of g is a direct sum of irreducibles, we may assume V C is irreducible; let λ be the highest weight of V C . Since λ is a character of the F -split, we know that λ(t F ) ⊂ F . So there is an F -representation V F of g with highest weight λ. Hence,
The following observation is probably well known. The direction (⇒) can be found in [R2, §3] .
3.2. Lemma. Suppose G is a connected, semisimple algebraic group over Q. Every irreducible Q-representation of G remains irreducible over R if and only if every real representation of G has a Q-form.
(We wish to show that V is reducible.) We may write V R = U 1 ⊕ U 2 , for some nontrivial R-representations U 1 and U 2 . By assumption, there exist Q-representations V 1 and V 2 , such that (V j ) R ∼ = U j . Then
Thus, V is isomorphic to V 1 ⊕ V 2 over R. Since both V and V 1 ⊕ V 2 are defined over Q, this implies that V is isomorphic to V 1 ⊕ V 2 over Q. (The g-equivariant maps from V R to (V 1 ⊕ V 2 ) R form a real vector space that is defined over Q, so the Q-points span.) Thus, V is reducible.
(⇒) Let V be a real representation of G. To simplify notation (and because this is the only case we need), let us assume that G is split over Q [i] . Then V C has a Q[i]-form U. Let U| Q be the Q-representation obtained by viewing U as a vector space over Q. Now write U| Q = U 1 ⊕ · · · ⊕ U r as a direct sum of irreducible Qmodules. Then
Since V is a submodule of V C | R (indeed, V C | R is the direct sum V ⊕iV of two copies of V ), and, by assumption, each (U j ) R is irreducible, we conclude that V is isomorphic to (U j ) R , for some j. So (up to isomorphism) U j is a Q-form of V .
Raghunathan's proof of the compact case
In this section, we provide an exposition of M. S. Raghunathan's proof [R2, §3] of the special case of Thm. 2.2 where R-rank G = 0.
The key is the following irreducibility criterion that is obtained from Schur's Lemma.
Lemma. Let
• G be a connected, compact, semisimple Lie group;
• V be a nontrivial real representation of G, such that V C is the direct sum of two isomorphic irreducibles; • T be a maximal torus of G;
• λ : t → C be the highest weight of V C (with respect to some ordering of the root system Φ of (g C , t)); • V λ C be the corresponding weight space; and • w ∈ N G (T ) R be a representative of the longest element of the Weyl group of G (so w(
Proof. We proceed in several steps.
Step 1. Let C = End g (V ). Then C is a 4-dimensional algebra over R. Furthermore, V is irreducible if and only if C is a division algebra. It is obvious that C is a real vector space that contains Id and is closed under multiplication, so it is an algebra over R. Schur's Lemma tells us that V is irreducible if and only if C is a division algebra. Since V C is the direct sum of two isomorphic irreducibles, we know that
Step 2.
Since the eigenvalues are purely imaginary for elements of t acting on V , we know that λ(t) = −λ(t) for every t ∈ t (where the bar denotes complex conjugation), so
is invariant under complex conjugation, which implies that it is defined over R.
Step 3. Let 
Because V λ C generates the g-module V C , we know that no nontrivial element of C can be trivial on V λ C . So E is faithful.
Step 4. The restriction of w 2 to V λ C is either Id or −Id. Because w 2 (Φ + ) = w(Φ − ) = Φ + , we know that w 2 represents the trivial element of the Weyl group, so w 2 centralizes t, which means w 2 ∈ T . Now w(λ) is the lowest weight of V , namely −λ (cf.
Step 2). Therefore (switching to multiplicative notation to discuss characters of T , rather than t), we have w(λ)(t) = 1/ λ(t) for t ∈ T . In particular,
.
Step 5. E is invariant under w and t, so {w} ∪ t generates a subalgebra A of End R (E), and we have
where H is the algebra of quaternions.
Elements of t act on V λ (and on V −λ ) via multiplication by a pure imaginary. Thus, the subalgebra of A generated by t is isomorphic to R[i] = C; letî be the element of this subalgebra corresponding to i. Let j be the image of w in A.
On the other hand, if j 2 = 1, then we may define an isomorphism φ : A → Mat 2×2 (R) by
Step 6. The algebra
So it suffices to show that E is isomorphic (as an A-module) to the representation L.
If A = H, then, by comparing dimensions, we see that E is a onedimensional vector space over the division algebra A. So E is isomorphic to the representation L.
If A ∼ = Mat 2×2 (R), then A has a unique nontrivial module (which is 2-dimensional). Since the representations E and L have the same dimension, and neither has any trivial submodules, we conclude that E ∼ = L.
Step 7. The algebra C is (anti)isomorphic to A. Because E is a faithful C-module, we have C ∼ = C| E . From the definition of C, we know that,
Since C| E and A are 4-dimensional, we conclude that the inclusion is an isomorphism.
Step 8. Completion of proof. Combine the conclusions of Steps 1, 7, and 5 (and note that H is a division algebra, but Mat 2×2 (R) is not).
The proof of Lem. 4.1 does not require any special properties of R, except the fact that G splits over
is a highest-weight module). Thus, the same proof yields the following (and Q could be replaced with any other subfield of R):
is the direct sum of two isomorphic irreducible modules;
be the highest weight of V C (with respect to some ordering of the root system Φ of (g Q(i) , t)); • V λ C be the corresponding weight space; and • w ∈ N G (T ) Q be a representative of the longest element of the Weyl group of G (so w(
, we know that V C is either irreducible or the sum of two irreducibles.
Case 2. Assume V C is the direct sum of two irreducibles that are isomorphic. This is precisely the topic of Lems. 4.1 and 4.3. Because V is irreducible, we know, from Lem. 4.3, that the restriction of w 2 to V λ C is −1. Then we conclude, from Lem. 4.1, that V R is irreducible.
Case 3. Assume V C is the direct sum of two irreducibles that are not isomorphic. Let C = End g (V ). From the assumption of this case, and the fact that G splits over Q(i), we know that V Q(i) is the direct sum of two irreducibles that are not isomorphic. Therefore,
is not a field, we know that C contains a root of x 2 + 1. We conclude that C ∼ = Q(i).
The noncompact case
In this section, we show that Thm. 2.2 is a corollary of the special case where G is compact (which was proved in §4). First, let us extend the compact group by a torus. 5.1. Corollary. Suppose G is a connected, reductive algebraic group over Q, such that
• the semisimple part of G R is compact;
• Q-rank G = R-rank G; and • the longest element of the Weyl group of the anisotropic kernel of G is defined over Q. Then each irreducible Q-representation of G remains irreducible over R.
Proof. Passing to finite cover, let us assume
• M is semisimple (so, by assumption, M R is compact);
• A is a Q-split torus; and • T is a torus that is anisotropic over Q. Because irreducible representations of a direct product are precisely the tensor products of the irreducible representations of its factors, it suffices to prove the desired conclusion for M, T , and A separately. Case 1. Assume G = M. This is the content of §4.
Case 2. Assume G = A. Since A is Q-split, all of the irreducible Qrepresentations of A are one-dimensional. Hence, they are obviously irreducible over R. On the other hand, because Q-rank T = 0 and Q-rank G = R-rank G, we see that R-rank T = 0, which means T R is compact, so the nontrivial, irreducible real representations of T are 2-dimensional. Thus, no nontrivial representation of dimension ≤ 2 is reducible over R.
Let us state another simple lemma, which reduces the construction of Q-forms of representations of G to the same problem for certain representations of a minimal parabolic P . It is similar to the usual construction of highest weight modules.
Lemma. Let
• g be a semisimple Lie algebra over Q;
• t be a maximal Q-split torus of g;
• Φ Q be the system of Q-roots of (g, t);
• p be a minimal parabolic Q-subalgebra of g that contains t;
• V be an irreducible, real g-module;
• λ : t → Q be the highest weight of V , with respect to the ordering of Φ Q determined by the parabolic p; and • U be a p-invariant Q-form of the weight space V λ .
Then the representation V has a Q-form.
Proof. Let ∆ Q be the base of Φ Q determined by p. Let U be the Q-span of { y 1 y 2 · · · y k w | w ∈ U, α j ∈ ∆ Q , y j ∈ g −α j }.
Step 1. U is g-invariant. From the definition of U, it is obvious that [g −α , U ] ⊂ U for all α ∈ ∆ Q . Also, because C g (t) and g α are contained in p, it is not difficult to see (by induction on
we conclude that U is g-invariant.
Step 2. U spans V over R. The R-span of U is a submodule of V . so the desired conclusion follows from the fact that V is irreducible.
Step 3. If a 1 , . . . , a r are real numbers that are linearly independent over Q, and w 1 , . . . , w r are nonzero elements of U , then r j=1 a j w j = 0. Suppose r j=1 a j w j = 0. (This will lead to a contradiction.) Since y 1 y 2 · · · y k w ∈ V λ−α 1 −···−α k , we see that
Because of (5.4), we may assume there is some weight µ, such that w j ∈ V µ for all j. (Project to some V µ , and delete the w j 's whose projection is 0.) Because V is irreducible, and λ is the highest weight, there exist
and U is a Q-form of V λ , this implies that x 1 · · · x k w j = 0 for every j. This contradicts the choice of x 1 , . . . , x k .
Step 4. Completion of proof. From Steps 2 and 3, we see that the natural scalar-multiplication map R ⊗ Q U → V is a bijection. So U is a Q-form of the vector space V . By combining this with Step 1, we conclude that U is a Q-form of the representation. Now we are ready to prove the main theorem.
Proof of Thm. 2.2. Given a representation V of G over R, we wish to show that V has a Q-form (see Lem. 3.2). Because representations of G are completely reducible, we may assume that V is irreducible.
Let P be a minimal parabolic Q-subgroup of G, let T be a maximal Q-split torus of P , and λ be the highest weight of V (with respect to T and P ). Now V λ is C G (T )-invariant, so, from Cor. 5.1, we know that the vector space V λ has a Q-form U that is C G (T ) Q -invariant. Then, since the unipotent radical of P annihilates V λ , we know that U is P Qinvariant. So Lem. 5.2 implies that V has a Q-form.
Construction of a good Q-form
In this section, we provide an explicit construction of a Q-form of G that satisfies the hypotheses of Thm. 2.2. The argument is a straightforward adaptation of A. Borel's [B] classical proof of the existence of an anisotropic Q-form.
Actually, like Borel, we do not directly construct G Q itself, but only the Lie algebra g Q , so, to avoid problems in passing from the Lie algebra to the group, we need to make some assumption on the fundamental group of G. (It needs to be a Q-subgroup of the universal cover G.) Therefore, the statement of Prop. 2.5 requires G to be simply connected. Alternatively, one could require G to be adjoint, instead of simply connected, but the situation is not obvious for some intermediate groups that are neither adjoint nor simply connected. 6.1. Remark. As a complement to our explicit construction, it might be possible to use theorems of Galois cohomology to give a more elegant proof of Prop. 2.5. In this vein, G. Prasad (see [O, Prop. 6 .4]) gave a very short proof of the existence of a Q-form satisfying the first two hypotheses of Thm. 2.2; perhaps a little more work can yield the third hypothesis, as well.
Let us set up the usual notation.
Notation.
• g is a real semisimple Lie algebra;
• κ(·, ·) is the Killing form on g;
• h is a maximal torus (i.e., a Cartan subalgebra) of g;
• Φ is the set of roots of (
• (g C ) α is the root space corresponding to α ∈ Φ; • θ is a Cartan involution of g, such that θ(h) = h (we also use θ to denote the extension to a C-linear automorphism of g C ); • g = k + p is the Cartan decomposition of g corresponding to θ (i.e., k and p are the +1 and −1 eigenspaces of θ, respectively). Because θ(h) = h, we see that θ induces a permutation of Φ: we have
The following lemma is a slight modification of a result of Borel [B, §3.2 and Lem. 3.5 ] that extends work of Chevalley and Weyl. (See [B, p. 116 and footnote on p. 117] for some historical remarks.) We follow Borel's proof almost verbatim. However, Borel assumed that the Cartan subalgebra h contains a maximal R-anisotropic torus of g, and, using this assumption, he obtained a stronger version of (3): θ(x α ) = ±x θ(α) .
6.3. Lemma (Borel, Chevalley, Gantmacher, Weyl) . Assume the notation of (6.2).
There is a function Φ → g : α → x α , such that, for α, β ∈ Φ, we have
and p α,β ≥ 0 is the greatest integer such that α − p α,β β ∈ Φ; (3) θ(x α ) ∈ {±x θ(α) , ±ix θ(α) }; and
Proof ([B, §3.2- §3.5] or [R1, Chap. 14]). The famous Chevalley basis [C] satisfies (1) and (2).
Step 1. We may assume (4) holds. Recall that all of the maximal compact subgroups of any connected Lie group are conjugate to each other, and that all of the maximal toruses of any connected, compact Lie group are conjugate to each other. Thus, since the LHS and RHS of (4) are maximal compact subalgebras of g C that contain the maximal torus α∈Φ iRh α , they are conjugate, via an automorphism of g C that normalizes α∈Φ iRh α . Hence, by replacing {x α } α∈Φ with a conjugate, we may assume (4) holds.
Step 2. For each α ∈ Φ, define c α ∈ C by θ(x α ) = c α x θ(α) ; then (6.5) c −α = 1 c α = c θ(α) for all α ∈ Φ and (6.6) c α c β = ±c α+β for all α, β ∈ Φ, such that α + β ∈ Φ.
Note that
(since θ is an automorphism that fixes h), this implies that c α c −α = 1, which establishes part of (6.5). For the other part, we use the fact that θ 2 = Id to calculate
To establish (6.6), note that p θ(α),θ(β) = p α,β (because θ is an automorphism), so N θ(α),θ(β) = ±N α,β . Now use the fact that
Step 3. We may assume (3) holds. Let ∆ be a basis of Φ (with respect to some order). Then ∆ is a basis of the dual space h * , so there is some h ∈ h C , such that e α(h) = c α , for every α ∈ ∆. Then, from (6.6), we see, by induction on the length of α, that e α(h) = ±c α , for every α ∈ Φ + . Because c −α = 1/c α , then we have e α(h) = ±c α , for every α ∈ Φ. For each α ∈ Φ, let x ′ α = e −α(h)/2 x α . Then it is easy to see that (1) and (2) hold with x ′ α in the place of x α . Because θ(k + ip) = k + ip, we see from (4) that c −α = c α . Then 1/c α = c −α = c α , so |c α | = 1. Therefore, α(h) is pure imaginary for every α ∈ ∆. By linearity, then α(h) is pure imaginary for every α ∈ Φ, so e −α(h)/2 = e α(h)/2 , for every α ∈ Φ. Thus, (4) holds with x ′ α in the place of x α .
For any α ∈ Φ, we have
. Thus, (3) holds with x ′ α in the place of x α . Prop. 2.5 is obtained quite easily from this lemma. Most of the argument we give is based on [B] or [R1, Chap. 14] . The last part, on showing that the elements of the Weyl group are defined over Q, is from [R2, §2] .
Proof of Prop. 2.5. We begin by establishing notation.
• Let g be the Lie algebra of G.
• Choose a maximal torus h of g, such that R-rank h = R-rank g.
• Assume the notation of (6.2).
• Let t = h ∩ p (so t is a maximal R-split torus of g).
• Let {x α } α∈Φ be as in Lem. 6.3.
We will show that g Q is a Q-form of g, and that the corresponding Q-form G Q of G satisfies the hypotheses of Thm. 2.2.
Step
is the Q(i)-span of a basis, and is closed under brackets). It is split because it contains a Chevalley basis of g C , and h Q(i) is the maximal split torus corresponding to this basis.
Step 2. Each of k and p is the R-span of its intersection with g Q . Because each of these subspaces is contained in g, it suffices to prove the conclusion with g Q replaced by g Q(i) .
Let
Indeed, we see, from 6.3(4), that U Q is a Q-form of the real vector space k + ip. Now k + ip and g Q(i) are θ-invariant (for the latter, see 6.3(3)). So U Q is θ-invariant. This means that, with respect to the Q-form U Q , the linear transformation θ| k+ip is defined over Q. Since the eigenvalues (±1) are rational, we conclude that the eigenspaces are spanned (over R) by the rational vectors, that is by elements of U Q . Concretely, this means that the R-span of k ∩ U Q is k, and the R-span of ip ∩ U Q is ip. The first is exactly what we want to know about k. Multiplying by i transforms the second into exactly what we want to know about p.
Step 3. g Q is a Q-form of g. Because g and g Q(i) are closed under brackets, it is clear that g Q is a subalgebra of g. We just need to show that its R-span is all of g.
From
Step 2, we know that the R-span of g Q contains both k and p. Therefore, it contains k + p = g.
Step 4. g Q splits over Q(i). We already pointed out in Step 1 that g Q(i) is split.
Step 5. Q-rank g Q = R-rank g. Because t = h ∩ p is a maximal R-split torus of g, it suffices to show that t is (defined over Q and) Q-split.
Substep 5.1. t is defined over Q. From Step 3, we see that g Q(i) = g Q + ig Q , so, for any (real) subspace X of g, we have
Thus, if X C is the R-span of its intersection with g Q(i) , then X is the R-span of its intersection with g Q , i.e., X is defined over Q.
It is clear, from the definition of g Q(i) , that h C is the R-span of its intersection with g Q(i) . Hence, from the preceding paragraph, we conclude that h is defined over Q. From Step 2, we know that p is also defined over Q. Hence, the intersection t = h ∩ p is defined over Q.
Substep 5.2. t is is Q-split. Let T be the Q-torus of G corresponding to t. We know that T splits over R, so χ(T R ) ⊂ R, for every character χ of T . Because t ⊂ h, and h splits over Q(i) (see Step 1), we know that χ(T Q ) ⊂ Q(i), for every character χ of T . So χ(T Q ) ⊂ R ∩ Q(i) = Q, for every character χ of T ; hence, T is Q-split.
Step 6. For any α ∈ Φ, such that α(t) = 0, we have
(for the usual Q-form on SU (2)). Because t is a maximal R-split torus, the assumption on α implies that (g C ) α ⊂ k C (and the same for −α). So, using 6.3(4), we see that
Step 7. Every element of the Weyl group of the anisotropic kernel of G is realized over Q. The Weyl element of SU (2) is realized by the rational matrix 0 1 −1 0 .
So
Step 6 implies that all of the root reflections of the anisotropic kernel can be realized over Q. These reflections generate the entire Weyl group.
7.
A bad Q-form that splits over Q(i) 7.1. Example. There are • a Q-form g Q of g = so(8), and • a real representation V of g Q , such that
(1) g Q splits over Q(i), and (2) V does not have a Q-form.
As will be explained at the end of the section, this is a special case of the following general result.
Proposition. Suppose
• g is a compact, real, semisimple Lie algebra;
• t is a maximal torus of g;
• Φ is the root system of g (with respect to t)
• w is the longest element of the Weyl group of g; • V is an irreducible C-representation of g; and • λ is the highest weight of V . If
• w(λ) = −λ; • λ(w 2 ) = 1; and • λ / ∈ Φ (that is, λ is not an integral linear combination of roots); then there exist (1) a real form V R of V ; and
(1) Since w(λ) = −λ, we see that the lowest weight of V is −λ. Since the dual of V is the irreducible g-module whose lowest weight is −λ, we conclude that V is self-dual. That is, V is isomorphic to its dual.
Because g is compact, there is a g-invariant Hermitian form on V , so V is conjugate-isomorphic to its dual. Combining this with the conclusion of preceding paragraph, we conclude that V is conjugateisomorphic to itself. That is, V is isomorphic to its conjugate. Therefore V ⊗ R C ∼ = V ⊕ V is the direct sum of two isomorphic irreducibles.
Since λ(w 2 ) = 1, Lem. 4.1 implies that the realification V | R is reducible. In other words, V has a real form V R . (We remark that any two real forms of V are isomorphic, so it does not matter which one is chosen.) (2a) Let ∆ be a base of Φ. The difference of the highest weight and the lowest weight is a sum of roots, so, because the highest weight is λ and the lowest weight is −λ, we may write 2λ = r δ∈∆ a δ δ, with each a δ ∈ Z. Because λ / ∈ Φ , there must be some τ ∈ ∆, such that a τ is odd.
Let {h δ } δ∈∆ ∪ {x α } α∈Φ be the usual Chevalley basis of g C , so that
For each α ∈ Φ, we may write
with each c δ (α) ∈ Z. In particular, we have defined a function c τ : Φ → Z. Now let
we see that g ′ Q(i) is the Q(i)-span of the Chevalley basis hence, f is a scalar, say f (v) = kv. Therefore
From this (and because it is obvious that the
(because 3 is not a sum of two rational squares). This contradicts the fact that σ ′ is an involution.
Proof of Eg. 7.1. The Lie algebra so (8) is of type D 4 , with roots α 1 = e 1 − e 2 , α 2 = e 2 − e 3 , α 3 = e 3 − e 4 , α 4 = e 3 + e 4 , and the fundamental weights are λ 1 = e 1 = 2α 1 + 2α 2 + α 3 + α 4 2 , λ 2 = e 1 + e 2 = α 1 + 2α 2 + α 3 + α 4 , λ 3 = e 1 + e 2 + e 3 − e 4 = α 1 + 2α 2 + 2α 3 + α 4 2 , λ 4 = e 1 + e 2 + e 3 + e 4 = α 1 + 2α 2 + α 3 + 2α 4 2 .
The long Weyl element w acts as −1 on the maximal torus t, so we have w(λ) = −λ for every weight λ. (This information can be found in standard references, such as [H, §12.1(D ℓ ), pp. 64-65 and Table 1 , p. 69].) Note that λ 3 , λ 4 / ∈ Φ . If either of these weights satisfies λ(w 2 ) = 1, then Prop. 7.2 provides us with a bad Q-form of g. If not, then we have λ 3 (w 2 ) = −1 = λ 4 (w 2 ), so λ = λ 3 + λ 4 satisfies λ(w 2 ) = λ 3 (w 2 ) · λ 4 (w 2 ) = (−1) · (−1) = 1.
Since λ = λ 3 + λ 4 = 2α 1 + 4α 2 + 3α 3 + 3α 4 2 / ∈ Φ , we can apply Prop. 7.2.
